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Experimental Studies of Strong Hall Effects
and U X B Induced lonization

JAMES KLEPEIS* AND RICHARD J. ROSA|
Avco Corporation, Everett, Mass.

Using a graphite inert gas heater, many different MHD-genera tor channel and electrode
configurations were tested. Typical flow conditions were 100 gm/sec argon at 1 atm pressure
seeded with 0.1 to 1.0 mole-percent cesium vapor at 1800 to 2000°K. The aim of the work was
to study MHD channel and electrode performance at high values of the Hall parameter (5 to 15)
and to look for the occurrence of extra-thermal ionization. Straight segmented-electrode
channels did not perform well, apparently due to a nonuniformity created by extrathermal
ionization over the electrode walls. A disk geometry in which the current in the U X B
direction closes upon itself performed much better. Enhancement of the power output due
to U X B induced ionization was observed. The results correlate well with those obtained in
applied electric field experiments and with theory when energy loss due to radiation is in-
cluded. However, an instability was also observed when large increases in ionization were
sought.

I. Introduction

MAGNETOHYDRODYNAMIC (MHD) devices, such as
generators, have been operated with combustion gases at

close to ideal performance1 when the Hall parameter cor < 3
(co is the electron cyclotron frequency and T the electron mean
free time). In the future, and in particular for adaptation to
nuclear heat sources, the use of inert gases and efficient opera-
tion at higher values of cor is apt to be desired. For ex-
ample, if the working fluid is a noble gas seeded with an
alkali metal, operation at high cor can lead to the production
of extra-thermal or nonequilibrium ionization.2 However, as
pointed out in Ref. 3, for cor ^>> 3 effects such as gas nonuni-
formities may severely limit the performance of MHD
generators or accelerators. The experiments described in this
paper were undertaken in order to study MHD-generator
channel and electrode performance at high cor (5 to 15), and
in the presence of nonequilibrium effects.

At a temperature of 1800 to 2000 °K and at near atmospheric
pressure, a mixture of argon and 0.1 to 1.0 mole-percent
cesium vapor will provide a gas with 1) an cor of 5 to 15 for
applied magnetic fields in the vicinity of 10 K gauss and 2) an
electrical conductivity greater than 1 mho/m.

The graphite heater employed for the experiments is de-
scribed in detail elsewhere.4

II. Straight Channel Experiments

A. Electrode Geometry

Initial efforts were concentrated on straight channels with
segmented electrodes because of an interest in studying elec-
trode performance and because such channels have a lower
surface-to-volume ratio than a disk or coaxial geometry (Fig.
1).

The first problem faced in a small (characteristic length 5
cm) MHD experiment is that unless electrode drop is mini-
mized, electrode emission phenomena will mask volume
processes that are of primary interest. We have found that
an electrode drop of essentially zero can be achieved if the
electrode is a wire that projects through the boundary layer
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and is in good contact with, and heated by, the hot gas
stream. It is probably essential that the electrode be coated
with alkali metal to get emission at the gas temperature at
which we operate (1800 to 2000°K). However, we have not
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Fig. 1 Three kinds of Hall generator geometries.
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Fig. 2 Comparison between theory and experimental
measurements of open-circuit Hall voltage in various

straight segmented electrode Hall generators.

tried to separate this effect from the sudden increase in gas
conductivity that also occurs when alkali seed injection starts.
An electrode that was heated electrically, but did not project
through the boundary layer, gave poor performance.

The drawbacks to a projecting wire electrode are the intro-
duction of aerodynamic losses and local Hall effects. Theo-
retical analysis5 indicates that these Hall effects [due to elec-
trodes that project into the stream but have infinitely fine
spacing in the longitudinal (flow) direction] will reduce
generator power density by the factor

1/[1 + (w/2h)wr]

where w is the channel width and h the channel height. A
similar factor applies for finite longitudinal spacing of the
electrodes6 ("segmenting"). The assumption is made that
the real three-dimensional situation is described by taking the
product of these two-dimensional factors.

The types of wire-electrode designs tested and their ex-
pected performance are sketched in Fig. 2. Each sketch is a
view of the channel in a plane perpendicular to the gas
velocity U. Channel dimensions were h = 3 in., w = ^ in.,
and a length of 2 in. In addition to any transverse spacing,
the electrodes were also spaced longitudinally with a pitch d
of approximately -§- in. The channels were operated as
"Hall generators" in that all opposed pairs of electrodes were
short-circuited (see Fig. 1).

B. Data: Comparison with Theory

Electrode and channel performance were evaluated by
measuring the longitudinal or Hall field EH for different values
of applied magnetic field B and then comparing with theory.
The results are summarized in Fig. 2. For a Hall generator,
Eff/UB is theoretically equal to cor times the correction factor
for finite longitudinal6 and transverse5 spacing of the elec-
trodes.

The experimental data were obtained over a gas tempera-
ture range (1800 to 2000 °K) where cor/5 is nearly a constant
equal to 13 m2/weber. As shown in Fig. 2, it was not possible
to generate Hall fields much greater than twice UB, even with
values of cor greater than ten and very fine segmenting
(h/d ~ 24). It has been suggested by Kerrebrock7-8 that
this is caused by the current concentrations that appear at
the, electrodes and over the insulator between electrodes at

high cor. As a result, in gases where nonequilibrium ionization
is expected (e.g., argon), such ionization will always occur
first in a layer over the electrodes. Nonuniformities of this
type lead to rapid deterioration of performance.3

The theory and method of calculation developed in Refs.
7 and 8 yield results that show fair agreement with our ex-
periment as shown in Fig. 3. These calculations also suggest
the existence of a stability boundary within which one might
achieve limited but useful nonequilibrium effects. In par-
ticular,8 the operation of channels with rather course segmenta-
tion (h/d ~ 4) at low cor (<5) may result in the production
of some useful freestream nonequilibrium. Experimentation
along these lines has been initiated.9

C. Plasma Diagnostics

In the course of our efforts to obtain good electrode opera-
tion at high cor, and in spite of our failure to do so, we have
begun to accumulate a body of useful basic information on
the properties of seeded gases.

By making due allowance for the very large departures from
ideal behavior that can occur at high cor, one can get reason-
ably accurate and independent measurements of electron
density ne [both equilibrium (cold) and enhanced (hot) ], and
of electron mean free time (see Appendix). We thus appear
to have a better than average method for bulk plasma diag-
nosis. For example, when the opposed electrodes of a seg-
mented electrode generator are short-circuited, one can de-
duce the electron density under the condition that should
produce the maximum departure from equilibrium from the
formula [see Appendix, Eq. (16) ]:

na(hot) = jNB/(eEH) (D

where jN is the current density in the (normal) U X B
direction and e the electron charge.

If a longitudinal or Hall-current short circuit is now im-
posed, the total (normal plus Hall) current density will be re-
duced. Under these conditions a measurement of short-
circuit Hall current will determine the equilibrium (cold)
electron density. For large values of cor the short-circuit
Hall current is in fact numerically equal to the number of
ions flowing through the duct per second. Determination of
cor can be made by measuring the ratio of Hall current to
normal current when the generator is short-circuited in the
Hall direction.

It is shown in the Appendix that these measurements are
relatively insensitive to the presence of nonuniformities, elec-
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Fig. 3 Comparison of the theory described in Ref. 8 with
our experimental results; Tw is the channel wall tempera-
ture, and S is the ratio of channel height to longitudinal

electrode spacing.
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trode effects, or other factors causing a departure from ideal
behavior. Also, determination of scalar conductivity in the
absence of a magnetic field affords checks both on the abso-
lute values and on the internal consistency of the data.
These methods all yield values averaged over the whole chan-
nel, rather than local values, but for many purposes this is
satisfactory. Since we can make separate measurements of
mean free time and of electron density we have for example a
way of determining collision cross sections which is much
more sensitive than are the usual measurements of conduc-
tivity alone (which measures the product ner). Figure 4
shows expected variations in electron density and mobility
(cor/B) with seed concentration for several assumed argon
and cesium collision cross sections. The experimental points
indicate that 0.7 and 400 X 10 ~16 cm2, respectively, are the
proper choices for a Maxwell average at 2000°K. Strictly
speaking, these experiments only measured the r that deter-
mines COT, rather than the somewhat different "T" that de-
termines the conductivity. However, for MHD conversion
the former is usually the quantity that one would like to
know with the greatest accuracy.

Figure 5 shows a collection of experimentally determined
values of cold electron density as a function of estimated
stagnation temperature T0 for different cesium seed concen-
trations. Good agreement with equilibrium theory based on
stagnation temperature is obtained. The somewhat arbitrary
but reasonable assumption was made that the gas stagnation
temperature is 60°C less than the graphite-heater's core
temperature measured with a pyrometer.4 The local tem-
perature, as calculated from a knowledge of Mach number, is
also indicated in Fig. 5. It was found that the degree of
ionization was fairly independent of the Mach number. On
the basis of current electronic three-body recombination
theories10"12 this is to be expected. In the future, we will
try to extend these measurements to TQ = 2100°K and longer
flow times. Departure from the stagnation values will then
be observed provided the current recombination theories are
correct.

III. Disk Generator Experiments

A. Early Results

To avoid the difficulties associated with finely segmented
electrodes, channels of disk and coaxial shape (Fig. 1) have
been tried. The latter has a difficult magnetic field configura-
tion and so far no results of significance have been obtained.
However, Hall voltages somewhat more than four times UB
have been produced in the disk.
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Fig. 5 Equilibrium (cold) electron density for argon plus
cesium.

Typical disk dimensions (see Fig. 1) were a 3.6 and 1.6 in.
diameter at the outer (anode) and inner electrode rings,
respectively, and a constant, peripheral flow-area of 1.5
in.2 The anode usually consisted of a ring of about 30
tungsten-wire "whiskers" connected to a single load re-
sistance.

Figure 6 compares our disk results with theoretical calcula-
tions based on different amounts of variation of gas properties
in the U X B, or normal, direction.3 There are doubtless
other property variations present in our experiment in addi-
tion to that assumed in the calculations. Thus the fact that
our data falls close to the 80% "uniformity" curve suggests
that we are getting performance nearly as good as can be ex-
pected at high COT. Although a larger device would probably
do better, a high COT machine will no doubt always show a
larger deviation from ideal performance than a machine at
low COT. Nevertheless we feel that these experimental re-
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Fig. 4 Hall parameter and electron density vs seed con-
centration.

Fig. 6 Comparison of experimental Hall fields with theory
for a nonuniform gas.3 The degree of uniformity is de-
fined as the ratio between the conductivity of alternate
layers of gas. The curves are symmetric about cor
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Fig. 7 Expected load lines for the disk Hall generator if
nonequiliforium ionization occurs.

suits show that the prospects at high cor are reasonably good
for geometries in which the normal current closes within the
gas. On the other hand these same geometries may be par-
ticularly susceptible to Hall instabilities or wave making
processes such as are discussed in Ref. 13 and 14. We do ob-
serve a 10 to 15% a.c. component on the output Hall voltage
which might become greater in a device of larger scale. It
has been calculated that a pressure variation of only 1%
could produce this result.13 When displayed with time
these fluctuations are quite irregular but seem to have a
fundamental frequency of around 2.5 kc. This corresponds
to a sound wavelength that is about equal to the circum-
ference of the channel.

Many oscilloscope traces of the Hall voltage were obtained
from two probes placed 90° from each other around the
circumference of the disk. We have looked for differences in
phase between the two signals in order to determine the
velocity and direction of propagation of the waves and to see
whether or not they reversed direction when the magnetic
field was reversed. So far the results have not been consistent
enough for one to draw any conclusions.

In Fig. 7, a series of expected load lines (Vn = Hall voltage,
IH = Hall current) for a Hall generator are sketched with the
nonequilibrium to equilibrium conductivity ratio at open
circuit [a- (hot)/a (cold) ]max as a parameter. The shape of the
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Fig. 8 Comparison of radiation loss and Joule dissipation.

expected curves at high values of this ratio is due to the fact
that in a Hall-current generator the internal dissipation and
hence the maximum departure from equilibrium is expected
at open circuit. Note, however, that a Hall current greater
than the equilibrium short-circuit value will never be ob-
served unless the excess ionization is produced upstream of the
section through which the Hall current is drawn, because this
value of Hall current would prevent the ionization from ever
building up. Thus a "two-stage" device is required to get an
S curve with Hall current greater than the equilibrium short-
circuit value. However, it has not been possible to in-
corporate this feature into our present device because of its
small scale.

Load lines for the disk channel were obtained by putting
Hall voltage and Hall current on the y and x axis, respec-
tively, of an x-y oscilloscope, and then photographing the
trace obtained at many different load resistances. The gas
used was argon seeded with 0.1 mole-percent cesium at stag-
nation temperatures between 1700 and 1800°K. Mach num-
bers were about 0.7, and the ideal wr was approximately 8 (for
a 6.3 K gauss applied magnetic field). For these early runs
the equilibrium electron density was <3 X 1012/cc.

A fairly consistent feature of our early data was the slight
negative curvature of the voltage-current trace. This implied
the presence of some degree of nonequilibrium ionization, but
not enough to make a noticeable improvement in the net
power output. Abundant nonequilibrium should have been
produced for the previously mentioned conditions if the elec-
tron velocity distribution had been Maxwellian and the only
losses had been due to elastic collisions. However, the follow-
ing makes it clear that this is not the case, at least in experi-
mental apparatus of this size.

B. Radiation Losses and Nonequilibrium Ionization

Kerrebrock and Hoffman15 have performed electric field
ionization experiments with gas conditions and apparatus
dimensions not too different from ours. Their measurements,
which cover a wide range of currents, always resulted in volt-
age-current traces (Fig. 7 of Ref. 15) that exhibited a hump or
voltage barrier before breaking over into the flat voltage
characteristic typical of a nonequilibrium gas discharge.
This barrier was observed occurring at an electron density of
about 3 X 1012 per cc. They have proposed a number of
possible contributing causes for this. Among these it seems
clear that radiation loss plays a large role.

Figure 8 compares the open-circuit joule dissipation with
estimated radiation loss in our experimental generator, based
upon detailed calculations of line radiation loss by Lutz.16

Also indicated is the elastic loss rate. Apparently our genera-
tor should not produce enough power to overcome radiation
losses until an electron density of 3 X 1012/cc is reached. In
view of this we made a series of runs at successively higher
values of inlet temperature and electron density. Typical
results are shown in Fig. 9. The length of the line at any one
load represents the a.c. component of the output. In order to
see how far we were from obtaining U X B ionization, a
voltage was applied which bucked the generated Hall field
and reversed the flow of Hall current.

Observe that in Fig. 9a field ionization appears to occur at
a negative Hall current about equal to the positive short-
circuit value. In Fig. 9b it appears to occur at open circuit.
In Fig. 9c which is at an electron density greater than 3 X
10]2/cc, clearly we have nonequilibrium ionization while
operating as a generator.

At the point of maximum power output (which is near the
"knee" of the curve in Fig. 9c) the conductivity appears to
be about 4 times the equilibrium value and the power output
between 2 and 2| times the maximum expected at thermal
equilibrium (for the same degree of uniformity). If the shape
of the voltage-current curve was entirely due to uniform
changes in conductivity, the maximum conductivity en-
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hancement inferred from Fig. 9c would be a factor of about
10 near open circuit.

This second point, however, is subject to considerable un-
certainty. First of all observe on Fig. 10 that a large increase
in conductivity above our starting point of about 10 mho/m
will be accompanied by a significant drop in cor. This will
also influence the shape of the curves. In particular we ex-
pect it to reduce the open-circuit Hall voltage. Because of the
important but uncertain role played by nonuniformities it is
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Fig. 9 Disk generator volt age-current characteristics for
successively higher stagnation temperatures. The cesium
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Fig. 10 Conductivity and Hall parameter for argon plus
0.175 mole % cesium.

difficult to predict how big this effect should be. Experi-
mentally we observe that on the average, the open-circuit
voltage obtained in high-current runs exhibiting nonequi-
librium effects is approximately 20% lower than that ob-
tained in low-current runs (Fig. 11). A change of this mag-
nitude due to changes in cor is not unreasonable.
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Fig. 11 Measured and extrapolated open-circuit Hall
voltage for various short-circuit Hall current runs
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C. lonization Instability

Another, and more important, effect has also been ob-
served. Above the knee of the curves the ionization process
gives every appearance of being unstable, resulting in
longitudinal streamers, or in the case of the disk generator,
what we might call ionization "spokes." These decrease the
uniformity of the gas, and in effect partially short the Hall
voltage. It can be shown mathematically that at high cor
there is a strong tendency toward longitudinal breakdown.

For a Hall-generator (i.e., normal electric field EN = 0),
the equations for Hall and normal current densities (neglect-
ing ion slip) are

JH = WJN + O-EH (2)

jN = aUB - UTJH (3)
Consider the case of a Hall generator at open circuit. Then,

if we designate all unperturbed or zero-order quantities by
( )oj (JH)Q = 0, and the unperturbed normal current is

(>-)o = WoUB (4)
Putting these zero-order values in Eq. (2) gives

jH = a>TUB[(a)0 - a] == -urUBka (5)
and

JH/(JN\ = -corA(7/(o-)0 (6)

The electron temperature or the dissipation per electron will
be proportional to 0"/cr)2, where j is the total (normal plus
Hall) current density. So

I tf*)o/(cr)o j
= coV Ao- (7)

Equations (6) and (7) indicate that at high cor an increase
in conductivity of a stream tube will be accompanied by
a (reversed) flow of Hall current, a resultant increase in
electron temperature, which further increases the conduc-
tivity, and so on. Observe that it only takes a conduc-
tivity perturbation A(r/(o")0 > 1/cor to make \JH\ > |OV)o|-
Under nonequilibrium conditions the frequent occurrence of
a perturbation of such magnitude seems more than likely.

Also, observe that this effect seems more powerful than the
"thermal pinch" that constricts an ordinary arc. In the
latter, the feedback mechanism that favors a higher electron
temperature in a region of higher conductivity is the reduced
atom density and increased atom temperature resulting from
the higher Joule dissipation in that region.

On the other hand, this analysis does not take into account
loading of the generator, or the j X B, and convective forces,
all of which would tend to stabilize or break up a spoke or
longitudinal streamer. However, in our present small ex-

periment, and at Mach numbers of around 0.7, the convection
and j X B forces are not very large.

When a movie camera was set up looking edgewise into the
disk, the resulting color films showed regions of blue-white
color (as compared to the generally red or violet color of the
rest of the gas) which, in at least some cases, were clearly in
the form of a spoke or spokes extending from the inner
to the outer electrode rings. These moved about and were
difficult to see on a black and white still picture. However,
the more intense spoke, produced by connecting a battery
and driving a heavy reversed flow of Hall current through the
generator, could be seen easily. Figure 12 is an example.

The spokes always appeared as the Hall current was de-
creased below the shoulder of the V-I trace. When the initial
electron density was low, their appearance was frequently
accompanied by an abrupt drop in output voltage of 10 to
20%, but when the initial electron density was high, this
abrupt drop was not observed.

In an effort to prevent spoke formation, the outer electrode
ring was split into 30 separate electrodes, each connected to
the inner ring through separate variable resistors, all of which
were ganged so that they could be turned up and down to-
gether. In principle a spoke should have more trouble
establishing and maintaining itself if it can draw power from
only a limited portion of the generator. However, in fact,
relatively little difference was observed in the behavior of
the generator and of the spokes. This is not easy to under-
stand. It suggests either that 30 separate spokes occurred,
which for the most part were too faint to be seen, or on the
other hand, that the spokes are not really suppressing our out-
put very much but perhaps only contribute to making it
noisy.

Increased ionization in the vicinity of Hall current short
circuit that is below the knee of the V-I curve, should result
in an increase in the slope of the V-I characteristic there.
The relative change can be measured by comparing the
measured open-circuit voltage and the V axis intercept of the
tangent to the V-I curve near short circuit. The procedure
and results are given in Fig. 11 for a range of initial electron
densities (as indicated by the range of short-circuit Hall
currents) . For these experiments, the calculated value of the
ideal open-circuit Hall voltage (length X [corUB]) is about 65
v (i.e., assuming equilibrium conductivity and a perfectly
uniform gas). The measured open-circuit voltages show a
slight tendency to decrease with increasing short-circuit
current while the extrapolated voltages tend to increase.
These trends are consistent with achieving a greater degree of
nonequilibrium ionization for the higher current runs. Note
that the largest extrapolated values of Hall voltage occurred
when the outer electrode ring was "segmented" into 30
separate electrodes. However, in view of the scatter of the
data it is hard to say whether only two points are statistically
significant.

IV. Summary
A. Straight Channels

As measured by the generated Hall voltages, the per-
formance of straight, segmented-electrode channels using an
inert gas was poor. At Hall parameters (cor) of 5 to 15 and
very fine segmenting, it was not possible to generate Hall
fields much greater than twice UB. The poor performance
appeared to be due to a nonuniformity created by non-
equilibrium ionization over the electrode walls. However, a
theoretical investigation by Kerrebrock suggests the ex-
istence of a stability boundary within which improved per-
formance might be obtained. Experiments, partially moti-
vated by this theory, are in progress.
B. Disk Channel

Nonequilibrium ionization and enhancement of the power
output due to U X B ionization appears to have occurred
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and to have done so under conditions that correspond very
well with what one would predict on the basis of electric field
experiments and of theory if the effects of radiation are in-
cluded. The experiments were done at a pressure, tempera-
ture, and ionization level sufficiently close to what is likely to
be encountered in practice, so that we can be reasonably confi-
dent that the atomic processes that dominate in the experiment
are the same ones that would do so in a practical machine. A
partial exception to this is the radiation loss. However, this
only goes down as the square root of the linear dimension, or
roughly the fourth root of the gas flow rate.

Perhaps the most significant result of this work is just the
demonstration of an ability to run at high cor with ionization
frozen at the stagnation level (about 10 times the local
equilibrium value at Mach 0.7). This proved stable on the
scale of the present experiment; and the conductivity at
which we ran (about 10 mho/m) could in fact be adequate
for commercial nuclear applications of the MHD generator.

Appendix

Sensitivity of Measurements at High cor to the Presence of
Nonuniformties

The most damaging and also one of the most likely non-
uniformities consists of a variation of conductivity in the
U X B or the "normal current' ' direction. In this case, Ref. 3
shows that the equations of current flow (neglecting ion slip)
become

JH = <rEH + cor?V

JN = (<r/G)(UB + EN) - (

(Al)

(A2)

where EH and jH are the Hall components, EN and JN are the
normal components of field and current, and

G = <o-)av{l/cr}av + (1 - <c7)av(l/o-)av)co2r2 (A3)

where G is the cor dependent function that introduces the
effects of nonuniformity. The brackets { )av denote aver-
ages. It will also be convenient to have the inverted forms
of Eqs. (1) and (2)

(co2r2/G9

G + co2r2

+ (UB + EN)(A4)

(A5)

Now the simplest and most informative measurements are
those of open-circuit voltage and short-circuit current
measured both when the orthogonal component is shorted
and open. In general the measured values will be least ac-
curate if they are a strong function of G and most accurate
if they are a weak function or independent of G.

The normal component of current that results when the Hall
circuit is open will be denoted by jV(0), and when the Hall
current is shorted by JN(S). The other quantities of in-
terest will be denoted in similar fashion. Hence, putting jH
and EN = 0 in Eq. (2) yields

^(0) = (a/G)UB . . . (inaccurate) (A6)
Putting EH and EN = 0 in Eq. (5) yields

aUB
G + coV . . . (moderately accurate) (A7)

because in general G = co2r2 times a number small compared
to one. Putting^ smdjH = 0 in Eq. (2) yields

EN(ty = UB . . . (accurate)

and, putting EH andjV = 0 in Eq. (5) yields

EN(s) = UB . . . (accurate)

(A8)

(A9)

Now for the Hall components

jn(Q) =• 0 . . . (accurate)

From Eq. (4) for EN = 0,

. , s uraUB

(A10)

G + C02r2 • • • (moderately accurate) (All)

from Eq. (1),

EH(s) = 0 . . . (accurate) (A12)

and from Eq. (4) for EN = 0,

En(0) = (w/ff)UB . . . (inaccurate) (A13)

Of the preceding, Eqs. (8-10) and (12) are essentially
trivial and Eqs. (6) and (13) are inaccurate. This leaves Eqs.
(7) and (11) as the measurements yielding the most interesting
and reasonably accurate information. Assuming that
coV2»l,Eq. (11) yields

jns) = = neeU (A14)

where ne and e are the electron density and charge. Hence,
assuming U is well known from conventional gasdynamic
measurements, a measurement of short-circuit Hall current
gives a reasonably accurate measurement of electron density.

Division of Eq. (11) by Eq. (7) yields another quantity of
interest, namely cor, or assuming B is known, the electron
mean free time r, i.e.

IJH(S)/JN(S)] = cor (A15)

Although Eq. (14) gives a good measure of electron density
in a shorted Hall generator, we would like also to measure
electron density in an open-circuit Hall generator because this
is the condition under which nonequilibrium ionization is
most likely to occur. Division of Eq. (6) by Eq. (13) yields

jN(0)/EH(Q) = <r(hot)/cor = ne(hot)e/B (A16)

in which ne ("hot electron'') appears, but G does not. If G
or the variation of a with position and time was fixed, then
this should be a reasonably accurate measurement. However,
it is of course the nature of imperfections to be imperfect, i.e.,
vary in more or less unpredictable fashion. In particular it is
altogether likely that, when extrathermal ionization occurs,
(r(0) is significantly different from G(s).

Of course none of these measurements are accurate unless
electrode drops are small and short circuits are truly short.
This can be difficult to arrange, especially at high cor. How-
ever, if probes are placed in the channel away from the elec-
trodes, the residual fields in the gas can be measured and
used to correct the calculations. For example, we have ob-
tained seemingly good accuracy by using instead of Eq. (15)
the expression obtained from Eqs. (4) and (5)

(EN/UB) - ur(EH/UB)
- (0/«r) (I

or since it is usually all too easy to make

[EH/(<#rUB)} «1

the term involving G drops out and the expression can be re-
arranged to yield

i + EN/UB_______
jN(s)'l + EN/UB + [jH(s)/jN(s)'EH/UB}

where EN and EH are the residual fields remaining after the
Hall and normal electrodes are shorted out.
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Rendezvous Problem for Nearly Circular Orbits

MAURICE L. ANTHONY* AND FRANK T.
Martin Company, Denver, Colo.

In order to assess various closure techniques during the terminal phase of a rendezvous
maneuver, it is desirable to know the free flight motion of one vehicle relative to another.
When expressed in terms of a reference system centered at the target vehicle, the equations
of motion that are to be solved are a set of nonlinear differential equations with explicit time-
dependent coefficients. In this paper an approximate analytical solution is determined by
utilizing perturbation techniques. The solution is more general than those previously found
since it includes the case where the target orbit possesses small eccentricity, and it remains
valid for relatively large distances between the vehicles. Hence the results are useful for
many near-earth missions. Numerical examples are provided in order to assess the accuracy
of the solution. The results indicate that in certain instances the present solution, which
includes some non-linear effects, must be used in lieu of previous solutions that are based
on a linear theory. An approximate analytical solution is also obtained by which the re-
quired velocity components can be determined in order to effect rendezvous at a prescribed
time.

Nomenclature

O.T, e, M = semimajor axis, eccentricity, and mean anomaly of
target orbit

R = relative position vector to interceptor (Rt — RT)
RI, RT = inertial position vectors to interceptor and target

vehicles
t, tp = time, and time of periapsis passage
V = relative velocity of interceptor
x, y, z = nondimensional coordinates
X, Y, Z = coordinates of interceptor relative to target
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variations of nondimensional coordinates from
Clohessy-Wiltshire results

angular coordinate and angular speed of target
vehicle

gravitational constant

bz, dy, 5z

6, a)

T* = specified nondimensional time to rendezvous
(p = angle denoting direction of initial velocity differ-

ence, measured from the X axis

Subscripts
c = associated with solution to linearized equations of

motion, target in circular path
0 = denotes conditions at t = 0

Superscripts
( • ), ( ) ' = derivatives with respect to t and r, respectively
0, e = indices used in identifying coefficients in the

solution
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